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Abstract. The aim of the present paper is to introduce a first order approach to the abstract 
concept of boundary triples for Laplace operators. Our main application is the Laplace operator 
on a manifold with boundary; a case in which the ordinary concept of boundary triples does not 
apply directly. In our first order approach, we show that we can use the usual boundary operators 
■ also in the abstract Green's formula. Another motivation for the first order approach is to give 

an intrinsic definition of the Dirichlet-to-Neumann map and intrinsic norms on the corresponding 
boundary spaces. We also show how the first order boundary triples can be used to define a usual 
boundary triple leading to a Dirac operator. In memoriam Vladimir A. Geyler (1943-2007) 
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, , 1. Introduction 
Cm . 

C/^ . The concept of boundary triples, originally introduced in [V63j . has successfully be applied to the 

! theory of self-adjoint extensions of symmetric operators, for example on quantum graphs, singular 

^ ' perturbations or point interactions on manifolds (see e.g. |BGP06] ). For a general treatment of 

^ ■ boundary triples we refer to |BGP06l IDHMdSOGj and the references therein. 

' — ^. Our main purpose here is not to characterise all self-adjoint extensions of a given symmetric 

^ ! operator, but to show that the concept of boundary triples can also be used in the PDF case, 

>■ ' namely to Laplacians on a manifold with boundary. The standard theory of boundary triples does 
OO 



(N 



not directly apply in this case, since Green's formula 

/ Afgdx - [ jAgdx= [ (djg -Jd^g)\9x 

Jx Jx JdX 



f — ' does not extend to /, g in the maximal operator domain 
O ' 

dom A"^^" = { / G 1^{X) I A"^^V e L2(^) (distributional sense) } 

X \ (cf. Remark 14.21 for details). A solution to overcome this problem is either to modify the boundary 
c3 ■ operators (restriction of the function and the normal derivative onto dX) as e.g. in |BMNW07l 
IPc07] . or to introduce the concept of quasi boundary triples as in |BL07j (cf. also the references 
therein for further treatments of boundary triples in the PDF case). 

Here, we use a different approach: we start with first order operators, namely the exterior 
derivative d taking functions (0-forms) to 1-forms and its adjoint, the divergence operator 6, 
mapping 1-forms into functions, since the first order operator domains are simpler. The Laplacian 
(on functions) is then defined as Aq := 6d. Certainly, in our approach we do not cover all self- 
adjoint extensions of the minimal Laplacian. 

The abstract approach also allows to define the Dirichlet-to-Neumann map in an intrinsic man- 
ner, and also the norm of ^^/^ = H^/^(9X) is defined intrinsicly. This might be a great advantage 
when dealing with parameter-depending manifolds, as it is the case for graph-like manifolds (see 
e.g. [FP07t IP06j ). We will treat this question in a forthcoming publication. Our approach is re- 
lated to the recent works of Arlinskii [AOOj, Posilicano |Pc07] and Brown et al. [BMNW07] . where 
also a PDF example is treated in the context of boundary triples. 
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To precise our idea of the first order approach we sketch the construction here. The given data 
ar^ 

d: M'^ J^, ■= domd, 

where M'p are Hilbert spaces ( "p- forms" ) , and M'q carries the graph norm. Guided by our main 
apphcation (a manifold with boundary), we call d an exterior derivative. 
A boundary map (of order 0) is a bounded operator 

7o: JTo^-^Sf, ^^/^■.= i^n^^ 

with dense range ^^/^ C ^, where ?f is another Hilbert space (usually over the boundary). 

For these data, we define do := d restricted to := ker7o and the divergence operator 6 := dj 
with domain J^^^ := domS. Furthermore, we can define a natural norm on using 79. 

In addition, we have a boundary operator of order 1, namely, 71: — > with the same 
range ran 71 = ran 70 = ^^Z^. Moreover, an abstract Green's formula is valid, i.e., 

(d/o,5'i) - {fo,&gi) = (7o/o,7i5'i);yi/2- 

Finally, hp = f3pip is the solution of the Dirichlet and Neumann problem 

Aphp zhp, ^php 

respectively; we call 13^ also a Krein T -field of order p. 
The Krein Q-function is defined as 

Qo'P ■= 7id/5o; 

a bounded operator (on the boundary space ?f^/^), closely related to the usual Dirichlet-to- 
Neumann map A{z) on a manifold with boundary defined in Eq. (14. ip . 

The main idea here is to consider the Laplacian Aq/o := 6d/o on the space 

:= dom 6d := | /o G dom d | d/o G dom 6 } 

instead of the maximal domain dom A™'^'' = { /o G J^o \ Aq/o G J^q }. Although Aq is not closed 
on can develop a suitable theory of boundary spaces. In particular, for a bounded and 

self-adjoint operator B in 5^^/^ we can show that the Laplacian Aq restricted to 

dom Ao^ := { /o G ^0' I 7id/o = i?7o/o } 

(Robin-type boundary conditions) is self-adjoint under a suitable condition on the domain of the 
adjoint (fulfilled in our example of the Laplacian on a manifold with boundary). Our main result is 
Krein's resolvent formula for the resolvents of A^ and the Dirichlet Laplacian A^; and a spectral 
relation between the operators A^ and Qq — B, namely 

a{A^) \ a(A°) = {z^ aiA^) \ G a(Qg - B) }. 

(see Theorem 12.301) . The main advantage of our approach is that it can almost immediately be 
applied to the case of the Laplacian on a manifold with boundary, using the standard boundary 
operator (restriction of a function to the boundary and restriction of the normal component of a 
1-form to the boundary). 

The paper is organised as follows: In the next section, we develop the concept of first order 
boundary triples. In Section [3] we show how this concept fits into the usual theory of boundary 
triples. Section H] contains our motivating example, namely, the Laplacian on a manifold with 
boundary. 



Here and in the sequel, A: Jffo =^ denotes a partial map, i.e., a map (a linear operator) which is defined 
only on a subset dom^ C J^q. 
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2. First order approach 

In this section, we develop the concept of boundary triples for operators acting in different Hilbert 
spaces; guided by our main example of the exterior derivative on a manifold with boundary. 

Definition 2.1. Let ^ = © Jifi and $f be Hilbert spaces. 

(i) Elements of Jifp are referred to as p-forms. 

(ii) A partial map d: J^o '-"^ is called an exterior derivative if d is a closed map with 
dense domain Jif^^ := domd C Jifo. We endow J^q with the natural norm defined by 

ll/o||.^i:= ll/oir + lld/of. 

(iii) We call 70 : — > ^ a boundary map ( of degree ) associated to d iff 70 is bounded 
with dense image, and if := ker7o C = domd is dense in JifQ. The auxiliary 
Hilbert space is also referred to as a boundary space. We say that 70 is proper, if 70 is not 
surjective, i.e., if ^f^/^ ^^(^i) c ^. 

(iv) The data (J^, $f , 70) define a first order boundary triple for the exterior derivative d : 
J^i if 7o a boundary map associated to d. 

Definition 2.2. We set do := d\^i, and call 6 := dg: J^i J^o the divergence operator with 

domain := domS and := domd* (clearly, C J^i, and is dense in Ml since d is 
densely defined). We endow with the natural norm 

\\M\l,^--= ll/if + l|6/if- 

Definition 2.3. 

(i) We call Aq := 6d the Laplacian of degree with domain 

:= dom 6d := { /o G dom d | d/o G dom 6 } 
Similarly, Ai := d6 is called the (maximal) Laplacian of degree 1 with domain 

je^^ := domd5 := { /i G domS | 6/1 G domd }. 
We endow Jif^ with the norms 



p 



\\fo\\U:= ||/or + ||d/o||^ + ||6d/o| 



m%r-= ii/iir+ii6/iir+iid6/iir- 

We denote the eigenspaces by := ker(Ap — 2;) C M'p. For z = —1, we set ^ := 
We call 

:= dSdo, A^ := d*d, 

A? := dodS, A^ := dd* 

with the appropriate domains the Dirichlet Laplacian of degree p = 0, 1 and the Neumann 
Laplacian of degree p = 0, 1, respectively. Clearly, all these operators are self-adjoint 
and non-negative. We denote the corresponding resolvents by := (A^ + and 
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The following diagram tries to illustrate the two scales of Hilbert spaces associated to d, d* and 
do, do = 6 (dotted arrows). Note that only at order 1, and —1, we have relations between the 
two scales: 




(2.1) 



Remark 2.4. 



(i) The spaces are complete, i.e., Hilbert spaces with their natural norms. 

(ii) Note that Ap is a bounded operator on J^p. However, Ap with domAp = J^p is not 
closed. Although we call Ap the maximal Laplacian, it is not the maximal operator A™*^^ 
in the usual sens (which is the operator closure of Ap with domain 

{ /p e ^ I Ap/p E J^p} (2.2) 



domA;^^^ 



in the distributional sense). In general, J^p C dom A™'^^. This observation is one of the 
motivations for our first order approach (see Section]^. 

Lemma 2.5. We have Jifp = Jifp © ^p (orthogonal sum). 

Proof. Let p = and /q G J^q. In this case, /o G (J^^)-*- is equivalent to 

= (/o, 9o).^^^ = (/o, 9o)m + (d/o, dgo),^^, ^ go ^ ■ (2.3) 

However, by definition of the adjoint operator 6 = dg, we have hi G domdg iff there exists h^ G 
such that 

{hiAogo)M = {hQ^9o)M- \/goeJ%^. (2.4) 
Choosing h^ = —fo, the orthogonality relation (12.31) reads hi = d/o G domdo and d^dfo = —fo, 
i.e., fo G The argument for p = 1 is similar. □ 

Lemma 2.6. The maps d: ^ — > cAi and 5: ^ — > ^Aq are unitary. 

Proof. If /o G ^ then d6d/o = —d/o, i.e, d/o G Similarly, fi G ^ implies 6/i G 

Furthermore, — 6d/o = fo and d(— 5/i) = fi implies that —6 is the inverse of d. Finally, d is an 
isometry because 

l|d/o||^i = ||d/o|L^, + ||6d/o||^, = l|d/ol|^i + ||/o|L^„ = \\fo\\%.. 
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Since d is surjective, it is therefore unitary with unitary inverse —5. □ 

Lemma 2.7. Assume that the boundary map 70 is proper (i.e., = ran 70 C Define 

7o '■= lol.^Yo' ^^^^ ^0 is invertible and (70)""'^: ^ ---^ is an unbounded operator with domain 
dom(7o)~^ = Furthermore, {^q)~^lp = Hq is the (unique) solution of the Dirichlet problem 

(Ao + l)/io = 0, 7o/io = 

Proof. The operator 70 is invertible since (ker7o)^ = (J^^)-*" = J^q by Lemma [2.51 If (70)"^ were 
be bounded, then 70 would be a topological isomorphism of ^ and ran 70 = in particular, 

^^^/^ would be closed in and by the density, we would have ^^/^ = $f — a contradiction. The 
last assertion is an immediate consequence of Lemma 12.51 and the definition of the inverse map 

(7o)-^ □ 

Definition 2.8. We endow ^^^"^ with the norm 

||</?||^i/2 := ||(7o)"VlUoi- 

Lemma 2.9. Assume that the boundary map 70 is proper (i.e., = ran 70 ^'^), then the 

following assertions hold: 

(i) We have < ||7o|| ||v5||<yi/2 for ip E 5^-*-/^. 

(ii) The operator 7o7o > is invertible in ^ , and 



A := (7o7o)-^ = ((7o)^^)*(7o)-^ > 



1 



l7oP 



We define the associated scale of Hilbert spaces by 

'^'^ := domA"", \W\y^ '■= WJ^^vW'S 

for s > (and the dual with respect to (-, ■)<y for s < 0/ 

(iii) The operator ((70)^^)*: ^ --->■ ^ is unbounded with domain 

dom((7o)-^)* = { /o G ^ I 70/0 e dom A = }. 

(iv) The operator 7q : ^ — > is bounded, and jQip = ho is the unique Neumann solution, 
i.e., 

(Ao + l)ho = 0, 7o/io e A7o/io = ^. 

Remark 2.10. If 70 is not proper (i.e., if 70 is surjective, i.e., = ^), then all the above 

assertions remain vahd except for the fact that (70)"^, ((7o)~^)* and A are bounded operators. 

Proof. The first assertion follows from 

Iklk = ll7o(7o)~Vlk < ll7o||||(7o)~VlL^'i = II70II ||'/5||<yi/2. 
To prove the second, note that 7o7o = 7o7o is bijective and 

</?)^i/2 = ((7o)~V> (7o)"V).iri = ((7o)~^)*(7o)"V)?y = i^,-^^)^ 

if {%)~^Lp G dom((7o)""'^)*, i.e, ip G dom A. Furthermore, ||A^^|| < ||7o|P- 

The third assertion is a consequence of Lemma [221 and the domain characterisation can be seen 
readily. To prove the fourth assertion, take ho = •y^ip G ran7Q C (ker7o)"'" = in this case 

(^0, /o)^^! = {^,lofo)'^ 

for all /o G If /o G ^, then 

{hojo)^^ = (7o/io,7o/o)?yi/2 

by definition of the norm on But the latter term equals (A70/10, 7o/o)^ if 7o^o ^ dom A, and 

thus ip = A'joho- □ 
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Remark 2.11. Note that is the completion of ^ with respect to the norm ||v9||<y-i/2 = 

IItov'II^'i- 

Definition 2.12. We define the boundary map of order 1 as 

7i: Jr/— 7i:=-7o6Pi 
where Pp is the orthogonal projection in onto the subspace 

Lemma 2.13. We have ker7i = Jifi, and 71: Jif^^ — > $f is bounded with norm ||7i|| = ||7o||- 
Furthermore, ran 71 = 5f and 71 := 71 \ is a unitary map from onto $f 

Proof If /i G = (^)^, then 71/1 = since PJi = 0. If /i G ^, then 71/1 = -7o5/i = iff 
/i = since 5 is unitary from ^ onto = (ker7o)^. 
The boundedness follows from 

hifih < ||7oSPi/i||?y < ||7o||||S^i/i||,i«5,i = hollllA/ill.ifii < hollll/ilLirii 

by Lemma [2l6l Furthermore, for /q G ^ set fi := d/o, then 71/1 = — 7o6d/o = 7o/o- In particular, 
II71II = ||7o||. Finally, 

||7i/i||(#i/2 = ||7o6/i||r^i/2 = = ll/ilLir^i 

for fi G since 6/1 G ^ and by Lemma [2^ 

□ 

Lemma 2.14. The (abstract) Green's formula holds, namely, 

(d/o,5'i) - (/o, Sfi'i) = (7o/o,7i5'i)<yi/2 = (70/0, 7i5'i)»' 
where 71 := A71: — > ^S-^l'^ . 

Proof. If /o G then the LHS vanishes since 5 = dg, and so is the RHS, since 70/0 = 0. 

Similarly, if g\ G M'^ = domd*, then the LHS vanishes since 3gi = d*gi and so is the RHS, 
because jigi = by Lemma [2113 For /q G ^ and gi G we have 

(d/cfi-i) - if 0,^91) = -{dfo,d&gi) - {fo,Sgi) 

= -{fo,^gi),^^^ = (70/0, -7oSfl'i)?yi/2 
by Definition 12.81 The last assertion is obvious. □ 
Corollary 2.15. We have 

(Ao/o,5'o) - {fo,^o9o) = (7o/o,7id5'o)<yi/2 - (7id/o, 7o5'o)<yi/2 

= (7o/o,7idfi'o)<? - (71 d/o, 706-0 

forfo,goeJ^,\ 

The following lemma shows that A = A(— 1) is the Dirichlet-to-Neumann map for the operator 
Ao + 1: 

Lemma 2.16. For if G '^^^'^ and Hq := (7o)~"^v^ we have 

Aip = 7id/io. 

Proof. By Lemma [2.141 we have 

(d/o,d/io) - (/o, Aq/io) = (7o/o,7id/io)<?- 

On the other hand, we have 
(d/o, dho) - (/o, Aq/io) = (/o, ho)^i 

= (7o/o,7o^o)?#i/2 = (70/0, V5)?yi/2 = (70/0, Av9);y. 
for /o, /lo e □ 
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Remark 2.17. The map 71 is indeed the boundary map occuring in the apphcations (see SectionH]). 
Namely, the Green's formula is usually formulated with a boundary integral given as an inner 
product of rather than In particular, ^idhQ is the "normal derivative at the boundary" 

(in the case of a manifold with boundary). 

The boundary maps are also bounded as maps with target space 
Lemma 2.18. The operators 7p: — > 'iS^I'^ are hounded with norm bounded by 1. 
Proof. For p = 0, we have 

||7o/o||?yi/2 = ||(7o)"So/o||.i^i = ||(7o)~So-Po/o||^oi = ll-Po/oll jr^i < II/oIIj^qI, 
since 70/0 = 7o-fo/o- For p = 1, we obtain 

il7i/i||^i/2 = ||(7o)-So6Pi/i||^i = \mfi\U- = ll^/ilU- < ll/ilk^ 
using Lemmas 12. 6H2.7[ □ 

In order to define the Dirichlet-to-Neumann map also for other resolvent values z, we need to 
provide results similar to those in Lemmas I2.5H2.7I for general z. Write 

Eo := a(A°), Si := a(A^^). (2.5) 

Lemma 2.19. For z ^ Sp, we have = J^p + cAp^ (topological direct sum). In particular, 
% ■~ '^p^Ag' ^ topological isomorphism from jKp^ onto 

Proof. For z ^ a{/S^), we define 

P^ := 1 - /4A° - z)-\Ao - z) : ^ ^0' 

where 

Ao = 6d: J^o^ — ^ ^o"\ (A? - '^y^ = (Sdo - z)-^ : J^^'^ — > 

and lq: M'q M'q. A simple calculation shows that (1 — P^Y = (1 — Pq^), i.e., 1 — P^ and 
therefore Pq are projections. Furthermore, /o = P^fo is equivalent to Aq/o = -z/o- In order to 
show that /o = P^fo G let us first show that /q G j^q, i.e., that hi := d/o G = domS. 
To this end, recall the definition of the domain domS = domdp in 02.41) . We have here 

(d/cdofi-o) = (Sd/o,5fo) = {zfo,9o) 

by Lemma [2.141 (note that 70(70 = 0) and the fact that 6d/o = zfo; we can choose ho = zfo and 
therefore /o G J^f^- A straightforward calculation shows now that (Aq — z)fo = 0, and finally, 
/o G ^0'. 

By the definition of Pq, it is also clear that ran(l — Pq) C and therefore Jif^^ splits into 
the direct sum. The direct sum is also a topological sum, since 1 — Pq and Pq are bounded maps. 
Therefore /o ^ ((1 — Po)/o, Po^/o) is a bounded bijection, and also a topological isomorphism. The 
argument for 1-forms is similar, using 

P^ := 1 - 61 (A^' - ^)"^(Ai - z) : J^/ — > 

where 

Ai = d6 : — > (Af - 2)-i = (dd* - z)-^ : — ^ JT/ 

and ii: J^^^ 

For the last assertion, note that ker7p = J^fp and that ran7p = (see Lemma 12.131) : 

in particular, 7^ is bijective. Furthermore, 7^ is bounded as restriction of the bounded map 
7p: J^p — > ^^/^ (cf. Lemma [2.18p . and therefore, 7^ is a topological isomorphism. □ 
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Lemma 2.20. For z ^ 0, the maps d: — > and 8: — > are topological isomor- 
phisms. 

Proof. If /o G ^q"" then d5d/o = zdfo, i.e, d/o G Similarly, /i G ^i"" implies 5/i G 

Furthermore, ^6d/o = /o and d(^5/i) = /i implies that ^5 is the inverse of d. Finally, d is bounded 
on since 

lld/olL^. = \\dfo\\%, + ||6d/o|L^. = \\dM\%, + mM\%, < (1 + kP)||/o||^„i 

and therefore a topological isomorphism. The assertion for 6 follows similarly. □ 

Definition 2.21. We call z t— > /5q := (7o)~^, z ^ Sq the Dirichlet solution map or the Krein 
T -field of order associated to the first order boundary triple (^, $f,7o). Similarly, we call 
z ^ (31 := (7i)~^, z ^T^i the Neumann solution map or the Krein T-field of order 1. 

Remark 2.22. 

(i) We prefer to use the symbol j3 instead of 7 for the Krein F-field in order to avoid confusion 
with our boundary maps 7^. 

(ii) The maps (3^ : ^^^"^ — > JV^ C M'^ are topological isomorphisms, since the inverses 7^ 
are. 

(iii) The names "Dirichlet /Neumann solution map" are due to the following fact: The p-form 
hp := is the solution of (Ap — = 0, and 7p/ip = y?. For p = 0, this is the solution 
of the "Dirichlet problem" (70/io prescribed), and for p = 1, the solution of the "Neumann 
problem" (71/11 prescribed). We will see in Lemma [3.71 that the Krein F-fields are related 
to a Krein F-field in the sense of an ordinary boundary triple. 

(iv) The map /?o ■ ^^^^^ — ^ regarded as an operator /?q : ?f — > into is bounded, 
as well as its adjoint, denoted by [fi^* : — > 5f 

Lemma 2.23. We have 7id/o = (/3i^)*(Ao - 2)/o for /o G domA° = ^^p^i ^^^^^ ^^z^y 
adjoint of (3q as operator (3^: '^^l'^ — > J^. Furthermore, ran(/?Q)* = '^^1'^ . 

Proof. The assertion follows from (see also |BGP06l Thm. 1.23 (2d)]) 

(y., (/?f)*(Ao - z)fo)^if. = (/?oV, (Ao - ^)/o)^ 

= ((Ao - z)(3oip, f^),^ + (7o/?o</', 7id/o)?yi/2 - (7id/?o</', 7o/o)^yi/2 

= (v5,7id/o)<^i/2 

by Corollary 12.151 for the second equality. As far as the third equality is concerned, note that the 
first term vanishes since /?q(/9 solves the eigenvalue equation; the same holds for the third term 
since 70/0 = for /q G M'^ . For the second term, we have JoPq^p = by the definition of /?q. 
The last assertion follows from ran(/3Q)* = {ker Pq)-^ and from the fact that /3q: ^^/^ — > is 
injective. □ 

We can now define the Dirichlet-to-Neumann map and a closely related map for arbitrary resol- 
vent values z: 

Definition 2.24. The Krein Q-function associated to the first order boundary triple (^, $f,7o) 
is the map 

z^Q^,:= 7id(7o)-^ = 7ld/?o^ ^ ^ So = a(A°). 
For z ^ So, the abstract Dirichlet-to-Neumann map at z is defined by 

A{z) := Agg = A7id/?o^ = ^id(3^: ^^/^ 
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Remark 2.25. 

(i) We shall see in Section [3] that is indeed a Krein Q-function for an ordinary boundary 
triple. Note that Qg: ^^/^ — , ^1/2 jg ^ bounded map (cf. Lemmas El^iS^Q]). In 
addition, we have 

Qo^ = 7id(7o)~^ = -7o5Pid(7o)~^ = 7o(7o)"^ = id<yi/2 

at 2; = — 1. 

(ii) Note that A(z) is indeed the Dirichlet-to-Neumann map: We solve the Dirichlet problem 
ho = f3^ip, i.e, 

Aq/io = zho, 7o/io = V'; 
and the Dirichlet-to-Neumann map is the "normal derivative at the boundary" of 
(cf. Remark 12. 17p . i.e., A{z)(f = 7id/io- 

Let us now define self-adjoint restrictions of Aq. 
Definition 2.26. Let i? be a bounded operator in We set 

dom Ao^ := { /o e JTo^ | 7id/o = ^70/0 } 
dom Af := { /i G I ^ j^^^^f^ I 

and denote by A^ the restriction of Ap onto domA^. 

Lemma 2.27. Assume that dom(A^)* C J^q , then the operator Aq is self-adjoint iff B is self- 
adjoint in '^^1'^ . 

Remark 2.28. The domain condition does not seem to follow from abstract ("soft") arguments; in 
our manifold example, it follows from elliptic regularity ("hard" arguments). Note that in general, 
dom A™**^ defined in (12.21) is even not a subset of (see Remark 12.41 ([11]) and Remark 14.21) . 

Proof. The graph of the operator (A^)* is given as 



max 
^0 5 



graph(Ao^)* = { (/o, Ao/o) | /o G domA^ 

Wgo e domA^ (ArVc^o) = (/o, A^^^^o) } C J^,' x ^0, 

and the latter inclusion holds by our assumption on the domain of the adjoint. In particular, 
fo,9o £ and we can apply Corollary 12.151 namely, 

{A^'^fo^go) - ifo^A^^'^go) = (70/0, 7id^o)<yi/2 - (7id/o, 7o^o)<yi/2 

= (70/0, 57o5'o)<yi/2 - (570/0, 7ofl'o)<yi/2, 

and the latter equality follows from /o,5'o ^ domA^. The assertion is now obvious. □ 

The self-adjointness of B in ^^/^ can be shown as follows: 

Lemma 2.29. Let B be a bounded and self-adjoint operator on ^ . In this case, B := hr^B is 
bounded and self-adjoint as operator on 

Proof. We have 

so that B is bounded on and 

{B^,^P)^^/2 = (AV25^, = (A-V25y,^ aV2^)^ = {B^,ijh 

and the similar symmetric expression shows the self-adjointness. □ 

We can now formulate our main result. For brevity, we restrict ourselves here to 0- forms. Similar 
results hold also for 1-forms. 
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Theorem 2.30. Let B be a self-adjoint and bounded operator in Aq the self-adjoint Lapla- 
cian with Dirichlet boundary conditions (of. Definition \2.3\} and Aq the self-adjoint restriction of 
the Laplacian (cf. Definition \2.26\) . Assume that dom(A^)* C ^q^- 

(i) For z i a(A°) we have ker(Af - z) = /?^ker(Q^ - B). 

(ii) For z ^ alA^) U (y{A^) we have ^ cr((5o ~ -^) ^^'^ Krein's formula 

(A° - z)-' - - z)-' = mi - Br\m* 

is valid, where (Pq)* is the adjoint of as operator (3^: — > Mq. 

(iii) We have 

^(A^) \ a(A°) = {zi aiA^) I G a(gg - B) }. 

Proof. The proof is again closely related to the proof for ordinary boundary triples (cf. |BGP06t 
Thm. 1.29]). For the first assertion, take (p G ker(Qg — B) and set /o = Pq^- By the definition of 
the solution map /?q, we have (Aq — z)fo = and 70/0 = ^p- Furthermore, QqP = B(p is equivalent 
to 7id/o = -B70/0 by the definition of Qq. However, the last equation shows that /o G domA^, 



i.e., /o G ker(A^ — z). The opposite inclusion follows similarly. 

To prove the second assertion, take Hq G J'^q and /o := {Aq — z)~^hQ G dom A^. By Lemma [2. 191 
we can decompose /o = /o + fi'o ^ + Since fo^g^ G ^q we also have /q G M'q and 

h, = (A^ - z)fo = (Ao - z)fo = (Ao - z)f^ = {A^ - ^)^^ 

i.e., /o^ = {A^ - z)~'^ho. Furthermore, 70/0 = 0, therefore 70/0 = 7ofl'o> i-e-, 5'o = Polofo and we 
have 

(Ao^ - z)-'hQ = fo = f^ + g^Q = (A° - z)-'ho + P^^Qfo. (2.6) 
Now we apply 7id to the decomposition of /o G dom A^ and obtain 

570/0 = 7id/o = 7id/o + 7id/5o7o/o 

= m*{Ao - z)f^ + Q^7o/o = m*ho + gg7o/o. 

using the definition of Qq (cf. Definition l2.24l) and Lemma r2.23l for the third equality. In particular, 

{Q^Q-Bhofo = m*ho, (2.7) 

and the RHS covers the entire space ^^/^ since Hq covers Jifo (see again Lemma r2.23l) . In particular, 
{Qq — B) is surjective. By (ji]), this operator is also injective, i.e., ^ ct{QI — B). Krein's formula 
now follows from fl2.6l) - fl2.7p . The last assertion is a consequence of dH]). □ 

Returning to the original boundary space $f and the Dirichlet-to- Neumann map A (2;) = AQq — 
regarded as an unbounded operator in ^ — , we obtain the following result: 

Theorem 2.31. Let B be a self-adjoint and bounded operator in and Aq the corresponding 
self-adjoint restriction of the Laplacian with domain 

dom Ao^ := { /o G ^0' I 7id/o = ^70/0 } 
(Robin type boundary conditions). Assume that dom(A^)* C 

(i) For z ^ a{A^) we have ker(A^ - z) = /3^A~^ ker(A(z) - B). 

(ii) For z ^ cr(A^) U cr{A^) we have ^ a{A{z) — B) and Krein's formula 

{A^ - z)-' - {A^ - zY' = P^q{A{z) - B)-\P-Qy 

is valid, where {Pq)* is the adjoint of Pq : 5f — > considered as an unbounded operator 
Pi: (S — > M'^ with domain ^S^l'^ . 

(iii) We have 

a{A^) \ a{A^) = {z^ a(A°) | G a(A(^) - B)}. 
Proof The proof follows from TheoremESHlbecause A{z)-B = A{Q'q-B) and {P^)* = A(/?^)*. □ 
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3. Boundary triples 

In this section we show how the first order approach of the last section fits into the setting of 
boundary triples in the usual sense. We only sketch the ideas here; for more details on boundary 
triples, we refer to |BGP06l IDHMdSOG] and the references therein. 

Definition 3.1. Let be a Hilbert space with a closed operator D in M' . Assume furthermore 
that ^ is another Hilbert space, and ro,ri: domZ^ — > ^ are two linear maps. We say that 
(^^, Fq, Fi) is an (ordinary) boundary triple for D iff 

{Df, g),^ - (/, Dg),^ = (Fq/, T,g),j -{T^f, Tog\,~, Wf,gedomD (3.1a) 

Fo©Fi:domD — ^ #, / ^ Fq/ © FJ is surjective (3.1b) 

Y 

ker(Fo © Fi) = ker Fq fl ker Fi is dense in J^. (3.1c) 

Lemma 3.2. Let M' := © and (^, ^^,7o) he a first order boundary triple as in Defini- 
tion \2.1\ Write 

Z):=(° domZ}:=jri:=<©jr/, ||/||^. = ||/||,^ + ||/^/||,^, 

and Tpf := 'jpfp for / = /o © /i G Then (^^1'^ , Fq, Fi) is an ordinary boundary triple for D. 

Proof. The Green's formula (13. lap follows from 

{Df,g)M^ - {f,Dg)jt = (d/o,fi'i),ifi - {fo,^9i)M + (5/i,5'o).^6 - (/i^dfi-o)^! 

= (7o/o,7i5'i)<yi/2 - (7i/i,7ofl'o)<yi/2 
Y 

by Lemma 12.141 The second condition fl3.1bl) follows from Fq ffi Fi = 70 © 71 and the surjectivity 
of J^p^ — ^ ^^/^ The last condition fl3AcD . i.e., the density of := © in is a 
consequence of Definition 12.11 (liIII) . □ 

The next lemma can be proved readily: 

Lemma 3.3. Set J^"" := kei^D -w). If w then tp^ : — > with 

are topological isomorphisms. In particular, for w = ±i, they are unitary. 

Corollary 3.4. The operator D has zero defect index, i.e., .JV^ = ker(D — i) and = ker^D + i) 
are isomorphic. 

The next lemma is a well known fact; we give a proof for completeness. 

Lemma 3.5. Ifw 7^ then M'^ = + (topological direct sum), and the projection 

P^ onto cA^^ is given by 

2 \^dpf pf 

If w = ±i, then we have = J^^©^'©^~' (orthogonal direct sum), and P^^ are orthogonal 
projections (in J^^). 

Proof. Recall that P^ is the projection onto J^^^ = ker(Ap — z). Denote by Pp := 1 — P^ the 
projection onto J^p and set P := Pq © A- Then we can decompose / G as 

f = Pf + P'"f + P-'^f, 
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since P"" + P'"" = P^ © Pf and P + {P^ © ) = 1. A simple calculation shows that 
DP"" = wP"", i.e., that P'"/ e in addition, (P"')^ = P"", i.e., P'" is a projection; and 

P/ e 

The sum of eigenspaces associated to different eigenvalues is direct, and ./K^'-i-^^"' = 
^q""^ © (Lemma [SJD- Since in addition, = ^1 + ^^"', it follows that the sum 

= Jif^ + .yV^ + is direct. The direct sum is also topological since the projections 

are bounded operators. The orthogonality for w = ±i can be checked easily. □ 

Y 

Lemma 3.6. Let D'^''' be the restriction of D onto domP''^''^ = JT^ := =^^©^^ = ker(ro © Ti). 
Then {D^^^^y = D. 

Proof. We refer to [BGP061 Thm. 1.13 (1)^(4)] for a proof. Note that D has self-adjoint restric- 
tions since the defect index is by Corollary 13.41 □ 

We write P° := PtkerTo' Dirichlet Dirac operator, and := Pfj^^j.^^, the Neumann 
Dirichlet operator. Note that (D^y = ® and (D^y = © . 

Lemma 3.7. Let w ^ a{D^). The operator Tq\j,w : — > '^^/'^ has a hounded inverse (3^ , and 
w ^ (3"^ is a F-Krein field, i.e., 

is a topological isomorphism and (3.2a) 
f^wr ^^wuw2^w2^ u7i,W2 ^ a(P°), (3.2b) 

where 

Furthermore, (3"^ = \/2iI)q(3q^ , where (3^ is the Krein •y -function of order associated with the first 
order boundary triple (^, $f,7o) (cf. Definition \2.21\) and ip^ is defined in Lemma 'J[ 

Proof. For the proof of the first assertion, we refer again to |BGP06l Thm. 1.23 (2a-b)]. The 
relation with 13^ follows from the fact that Fq = 7o7ro, where vto: M'^ — > =^^7 / ^ /o! and the 
inverse of \/2iI)q is ttq (restricted to the appropriate subspaces). □ 

Lemma 3.8. The operator := TijS^: '^'^/'^ — > ^^/^ defines the Krein Q-function w t-^ Q'^ , 
i.e.. 

Furthermore, = ^Qq^ , where Qq is the Krein Q-function associated to the first order boundary 
triple (J^, ^,7o) (cf. Definition \27i 



Proof. For the proof of the first assertion, we refer again to jBGPOGt Thm. 1.23 (2c)]. The other 
follows straightforward. □ 

Further results like Krein's resolvent formula or the spectral relation for self-adjoint restrictions 
of D can be found e.g. in |BGP06j . In particular, if B is bounded and self-adjoint in ^^^/^ then 
the restriction of D to 

domP^ := { / G Fi/ = PFq/ } = { / g 7i/i = ^70/0 } 

defines a self-adjoint operator D^. The Laplacian [D^y acts on each component as the Laplacian 
Ap/p, but with domain 

dom(P^)2 = {f e domP^ | Df e domP^ } 

= {/G^2|7i/i = 570/0, 7id/o = P706/1 }• 

Note that this domain is different from dom A^ © dom Af (cf. Definition 12.261) since the two 
components in dom(P^)^ are coupled. 
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4. Manifolds with boundary 

In this section we present our main example and show how it fits into the abstract setting of 
first order boundary triples of Section [2] (see also [AQOj ). 

Let X be a Riemannian manifold with boundary dX equipped with their natural volume mea- 
sures. Denote the cotangential bundle (or bundle of 1-forms) by T*X. The data we need to fix 
are the following: 

^1 := L2(T*X), d: H\X) — > L2(T*X), 

where \-2{X) and L2(T*X) are the spaces of square-integrable functions and sections over the 
cotangent (1-form) bundle, and where d stands for the usual exterior derivative with domain 
^1 := Hi(X), the Sobolev space of functions / G l^iX) such that |d/| G l^iX) (or df G L2(T*X), 
what is the same). 

For the boundary map, we need to fix the boundary space ^ := L2{dX), and we define 
70 : H\X)^l,{dX), lof:=f\ax- 

Note that the norm of 70 depends on the local geometry of X near dX. The range of 70 is 
= H^/^(9X) together with the intrinsic norm defined in Section [2], namely 

ll'^llHi/2(ax) •= II/oIIhi(x) = II/oIIl2(x) + l|d/o|lL2(X)) 

where /o is the solution of the Dirichlet problem (Aq + l)/o = and 70/0 = (p- Since H^/^((9X) 7^ 
L2{dX), the boundary map 70 is proper. 

After defining these data, we obtain J^q^ = H^(X) = ker7o and do := dfiiji^-^^. Furthermore, 
6 = dg is the divergence operator. Comparing the abstract Green's formula in Lemma 12.141 with 
Green's formula 

/ {df,v)xdx- / J8r]dx= / (fVn)\ax^ 
Jx Jx Jax 

where stands for the normal component of the 1-form 77 near dX, we see that 

liV = Vn lax 

Remark 4.1. Note that Jifi := domS C L2(T*X) is not the Sobolev space of order 1 on 1- 
forms, defined locally via charts. Therefore, 71: domS — > H~^/^(9X), and 71 does not map into 
H-^/^(5X), as one could naively guess. 

The Dirichlet-to-Neumann map in this case is 

A{z)(f = dnho, where Aoho = zho, ho\Qx = ^ (4.1) 

for cp G Hi/2(9X) and z ^ a(A°) (cf. Definition [2JlD . 

Self-adjoint boundary conditions of the Laplacian on 0-forms like Robin boundary conditions are 
now given as follows: Let 5 be a bounded, real-valued function on dX and set B := A^^B. Then 
B is bounded and self-adjoint on ^^^^ (Lemma 12. 29p and 

dom(Ao^)* = { /o G A-- I djo \ax = Bfo \ax } 

is indeed a subset of the Sobolev space H^(X) (see e.g. |G68t Prop. III. 5. 2] or |LM72l Thm. 7.4]). 
In particular, the domain condition dom(A^)* C J^^^ = H^(X) is fulfilled, and the above domain 
defines a self-adjoint Laplace operator (cf. Lemma 12.271) . 

Note that in general, the Robin boundary conditions cannot be expressed as [D^Y where is a 
self-adjoint restriction of the Dirac operator (cf. the end of Section [3]). This is another justification 
of our first order approach (instead of directly starting from an ordinary boundary triple as in 
Section [3]). 



14 



OLAF POST 



Remark 4.2. The first order approach to boundary triples enables us to use the natural boundary 
maps 7o/ = f\gx and 71 r/ = r]n\dxy contrast to the second order approach using the Laplacian 
as e.g. in [BMNWOTl IPc07] . In the second order approach, the maximal domain of the Laplacian 

dom = {fe L,iX) I A/ G L,iX) } 

is not a subset of the Sobolev space H^(X). In particular, f\gx is not in L2{dX), but only in 
H-^/^{dX); and dJlgx e H-^/^{dX) (see e.g. [UUSl C06l[LM72] l In particular. Green's formula 
(cf. (13. lap ) fails to hold with the natural boundary maps. 
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